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tlie bodies examined bj tbem, and obtaining only negative results, and 
always a certain result with, a crystal of the salt, they have insisted 
that this is the only nucleus. Others, again, have sought for an 
explanation in some catalytic or other mysterious force ; while a third 
set of observers have declared it to be a matter of uncertainty or 
hazard whether a foreign body acts as a nucleus or not. In re vie wing' 
the subject and repeating my experiments in various ways, I see no 
reason for withdrawing from the theory which I had the honour of 
submitting to the Society eleven years ago, namely, that the action of 
nuclei is simply mechanical, and is capable of being expressed by the 
familiar word adhesion. 



VIII. " On Definite Integrals involving Elliptic Functions." By 
J.W. L.Glaisher, M.A., F.R.S., Fellow of Trinity College, 
Cambridge. Received Jnly 31, 1879. 

§ i. The chief object of this paper is to apply to definite integrals 
involving elliptic functions certain special methods which have been 
employed for the evaluation of integrals of a similar kind involving 
circular functions. 

§ 2. One of the most elegant and direct investigations of the value 
of the integral 

log sin X dx-=^'7r log (^) 
Jo 

is aiffiorded by the product 

sin "Lsin^... sin (!^;L>r= y^ . 2-H-", 

• n n In 

for, taking the logarithm of both sides of this equation, and writing 

n 



A(log sm hj + log sm 2/^ . . . + log sm fTr) = ir lim. ^-^ __s-L2i 1 

n 

= — l7rlog2. 
The same principle also gives the value of the integral 

r 

log (1—26)^ cos a? + 6&^)c?a3 (1), 

) 

which =0 or 27rlog a according as <x < or > 1, and it is easy to see in 
general that if 

then I log (a?) dx = h lim.^^o, ^ ^ W z= 6 ^^ \^} ^ 

2 A 2 



'w 
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For example, from tlie product 

since, when n is great, 

we derive tke evaluation, 

logV (x)dx=.^\og (27r) + a(loga~l). 



J 



The number of products that yield integrals of interest is not great, 
and those JDst noticed are all that I remember to have seen applied to 
this purpose. The transformation formulae in elliptic functions lead, 
however, in this manner, immediately to definite integrals, as will 
appear in the next section. 

§ 3. Writing sn, en, dn in place of sin am, cos am, A am, we have 
C Fundamenta JSTova," p. 46) : — 

{sn2(wsn4w . . . sn (%— l)wp=-^:^ ^^ ( — i . . (2). 

{cn 2a; cn 4a; ... cn (??, — !) w}2=:| -^ — I ..... (8). 

{dn2wdn4a; . . . dn (^^ — l)(ij}2zrr| __ i ...... (4). 

In the case of the first real transformation (n being an uneven 
prime) 

K . K w K' 



W=:-_, 



n 
Thus, when n is infinite, 



rM! M 



A 1 TV/T 2K . / 1 TtK 

4 - hi^^^ 

but A'=log-, so that X=e k , 

and we therefore have 

log I -7- j = in log h'-i log (-iTr) , 
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whence the products (2), (3), (4), give 

•k 

log siLa?^a?=— JttK'— IKlogZ; .... (5), 
Jo 

I logcna?^a?= — j7rK'+^Klog( — I. . . . (6), 
log din. xdx^^K.lo^h' (7),, 



wliicli are tlie analogues in elliptic functions of tlie integrals 

i logsina?(^a?=|-7rlog (I") (8), 


I logCOSa?^a?=f7rlog(|) (9). 

Jo 
The other formulee, such as, ex. gr,, 

sn'i^sn {u-{-4ic^} . . . sn {u-\-4i(n—iy(v} = l — | sn( — -, \\ 
do not lead to new integrals, for this product gives 

'4K 







logsn (u+x) dx=^ — 7rK'~2K.logh, 



in which the sign of sn (u+x) when negative is to be changed, so that 
the quantity under the integral sign should be written -l^logsn^ (u + x). 
This result, however, may be readily deduced from (5s). 

The remaining formulee on page 61 of the ^' Fundamemta Nova" 
only produce the equation 



^logd 

'0 



— — \ dx=:\ log (1 — liT sn^ u sn^ x)dx, 
sn%/ J 



which may be otherwise deduced from the formulae (44) and (45) of 

§ 10. 

§ 4. In the second real transformation 

n 
so that we find 

:|logsn^^^(^a?=— ^K'logZj . . . . . . (10), 

10 



logcn^a?(^aj=57rK+-|-K'logl — | .... (11), 

logdn^iccZaj=|:7rK+^K'logy^' (12), 
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but if, in virfcne of tlie f ornmlee 






/\' 



cmm= 



en (oj, h') 

1 

en (a3, h')' 



-. . dn (a?, //) 
ctn ^x = ~ — - , 

en (03, h') 

these equations be written in a real form, they onlj reproduce (5). 
(6), and (7), as might have been anticipated a priori, 
§ 5. The double products ('' Fundamenta E'ova," p. 66) 

„ .2mK-h2m'iK' f-fin-Dn 
risn^ — =--:i — 4 — TT— 5 



n cn2 ^^^ + 2m^^'K^ - /_^\^ 
ndn^ ^^^K + 2m^^K^ __p^^,._.i)^ 



give rise to the remarkable integrals 

0. -K' 



OJ~K 



log sn (a? + iy)dxdy = ■— KK' log 7^ 

r 



• c « 



^ log cn (a? + iy) dxchj = KK' log I - 



Zi: 



« fl 



(13), 



(14), 



JoJ-K 

These may of course also be written 



log dn (x + iy)dxdy=:KKf log y . . . . (15). 



ojo 



log {sn (x-^-iy) sn (x~iy)}dxdy= —KK.' log h ; &c. 



§ 6. Using the values of the three integrals in (5), (6), (7), and 
observing that 

log sn 2xdx = "I log sn xdx, 
Jo 



2 



log sn xdx + i log sn xdx, 
.0 Jk 

log snxdx-^^ logsn (2K.—x)dx, 





K 









log sn xdx, 
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we find, by means of the formula 



sn2a?: 



2 gn 0? en x dn x 



that 

Similarly 







log (1 - W sn4 x)dx=- ^irW + K log (?^ 



■| log cn^ 2xdx = lo g en a? cZa?, 

fo Jo 



. . (16), 



'K 



log'dn2«{la? = 







'K 







log dn xdx^ 



whence, from the formula 

o 1— 2 sn^ a3 + 7v^sn*a? 

en zx = — , 

1 — k^^n^x 

^ o ___ 1 ■— 2/^2 sn^ aj + /^^ sn"* a? 

dn ciX — ■ ^ 

1 — Z^sn^a? 
by the use of (16), we find 

, Jlog (1 — 2sn^a? + /c2sn^a3)2(i;a?=— -J-TrK^ + Klog 



10 



K 



•i-7rK' + Kloo' 



h 



27/r 



« • 



log (1 —2/iJ^ sn^ X + h^ sn^ x)dx ■=— ^.,^^ , ^^ .^^ 

\ /iJ* 

These two integrals may also be put respectively in the forms 



■ • (1?) 



(18). 





'K 





■Jlog (cn^a? — sn^a?dn^aj)^(la? (19), 



log (dn^ X — W sn^ x cn^ x)dx . 



« • 



(20), 



the former expression is written ^log ( )^, as the quantity in brackets 
is negative from a?=^K to aj=K. 
§ 7. Usino^ the formnloe 



1 — ^ en 2a?= 2sn^ x dn^ x 

1 + en 2a?=: 2cn^ x 

1 — dn 2a? = 2/# sn^ x cn^ x 

l + dn2a?=2dn2a? 

cn^a5= (dn 2aj •\- en 2a?) 
dn%= (Jc!^ + dn 2a? + h^ en 2a?) 

and, observing that 

0(2a?){iaj=^l (p(x)dx, 
Jo 



(l—liy^ sn^a?), 
(l--/#sn4a?), 
(1-/^2 sn^o?), 
(l — Z^sn^a?), 
(l + dn2a?), 
(l+dn2a?), 
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we have 



3K 

Jo 

'3K 




SK 



-''3K 



^og(l±Gnx)dx-=—^7rK!—K\ogh (21), 



log (1 — dn x)dx= — f ttK' + K log h 
log d + dn x) dx=z ^ttK' + K log h 



« * • • • 



• * 



(22), 
(23), 



log(dnx-{-Gnx)dx=—^7r'K'-\-'Klogl — | . . . (24), 



log (F2 4- dn 03 + /i^^ en ^) dx=z^7rKf + K log (M^^) 





Since sn(2K — u)-=siiu, dn(2K — u) = diiu, cn(2K — u) 
follows tliat 



. (25). 
cnu, it 



3K 



'3K 



(/)(snx)dx=2 



•r 



(/)(snx)dx . . . . 



K 



(^(diix)dx=2 (/)(diix)dx . . , . . 

Jo 

'3K Tk 

(/)(ciix)dx=: {(/)(cnx) -{-(/)(— ciix)]dx 
'0 Jo 

and therefore from (22) and (23) we deduce that 



> . (26), 



10 



log (1 — dn a?) dx= —^wK! + 2 K log 7^ 
log (1 + dn x) dx= :j7rK' + 2^ log h 



• « 



(27), 



(28). 



But (21) only gives the yalue of 



"K 



{log (1— cno?) +log (l-\-cnx)}dx, 
.0 

and is, therefore, equivalent to (5), while (24) and (25) are merely 
transformations of (5) and (28). 

We also see that in (24) and (25) the integrals may be written 

log (dna?-— cna3)<ia3 ....... (29), 





"3K 




log (h'^-\-diix—7c^ciix)dx (30), 



Applying (26) to (17) and (18) in the forms (19) and (20), we see 

that 

'^^ /2^/t\ 

ilog (cnaj+sna3dna3)^cZa?=— |7rK'4-Klog( — j. . . (31), 

\ h / 



'2K 



log(dna5+A;snaJcnaj)c?a3 =--j7rK'4-Klogl --^1 . . . (32). 
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<j>{x)dx=^\ (j)(K.—x)dx 
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10 



(33), 



it follows from (27) and (28) that 



•k 

'o 

r 



'0 



log (dn x—h^)dx=^ — JttK' + -J-K log (kh') 



log (diix-\-h')dx= jTrK' + ijKlog (IcJc^) 



• « 



* * 4 



(34), 



(35). 



It may be remarked tliat the transformation (33) applied to the 
functions sn, en, dn does not suffice to give the values of the integrals 
in (5) and (6), although we thus immediately obtain (7) ; for 







giving 



K TK 

log dn xdx=^ I log dn (K.—x)dx- 
Jo 



log h^dx — I log dn xdx, 
Jo 



K 







log dn ajcZaj =-|K log ¥ ; 



but 



and 



'K 



•k 



•k 







log sn xdx=^ log en xdx — log dn xdx, 











K 



•k 







log en xdx = log 1/dx + 







K 



log" sn xdx — 







K 







log dn xdx, 



only lead to one equation between the integrals of log sn x and log en x, 
viz., 



K 







log en xdx — 



K 







log snxdx^ |K log h\ 



9. Putting x=^y in the formula 



it becomes 



Q(x-\-y)Q(x—y)=^ — (1— Z;^sn^a? sn^^) 



Q{2x)=^(l--h^sn^x) 



e^o 



» • 



• • 



(36), 



(37), 



whence 



'K 



log Q(2x)dx^4i log Qxdx — 8 
Jo 



Now 
so that the equation is 



'K 




'K Ck 

log QOdx -\- log (l~h^ sn^ x)dx. 
Jo 



log Qxdx 




K 



10 



log Qxdx ^K. log QO—^ 



K 







log (1 — h^ sn'^x^dx, 



and substituting the value of the last-written integral from (16) and 
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putting for 90 its value, viz. 



'2//K^ 



TT 



, this gives 



['\ogQxdx=-^\7rK' + iKlog(^^\ .... (38). 



Also 



Ha3= ^/h . sn xQcc, 



and integrating the logaritlim of this equation, using (5) and (38), 
we have 



'K 



losf Bxdx = — ^ttK! ■■{- f K lo2^ 



'K^' 







6 



TT"- 



Replace x, y in (36) by mx, nx and the formula becomes 

Q{m-t-n)xQ{m—n)x:= — ^^^ -^ — -^^ — i-(l— A;^ sn^ma? sii'^nx). 



e^o 



whence, since (p being any integer) 



log 9 (px) dx =^ log Qxdx, 
Jo 



we have 







log (1— Z;^ sn^ mx sn^ nx)dx = 2i Klog 90 — 



'K 







log Qxdx 



(39): 



if m and n be different integers, and 



= 3fKlog90— log Qxdx j . (40), 



if m and n be equal integers. 
Thus we find 



log (1 — h^ sn^ mx sn^ 7ix)dx=^ — ^^K' + f K log! — ^ 







¥ 



(41), 



if m and n be different integers, and 



= -i7rK' + Klog('^') . (42), 



if m and ?^ be equal integers. 
The relation 



K 







log (1 — Jc^ sn^ mx sn^ nx)dx=^ 



'K 



log (1 — 7^^ sn^ mx)dx 



« • 



(43) 



is curious. The value of the latter integral is of course immediately 
derivable from (16). 

§ 10. {Lemma.) If 0(a'') be an even function of 03, and if 0(a? + 2K) 
=0(^5), then 

'K fK TK 

0(^+2/)^^+ 0(aj — y)dx = 2 (j){x)dx^ 







.0 
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for, if u denote tlie left hand member of this equation, 



du [^ d , , , XT , [^ d 



d 



y 



ody 
'^d 



(p^w-^-y^dx-j- — (m —y)dxj 



ody' 



K 



d 



(p{x-—ij)dx, 



_ Ota? J a«3 

=0(K + ?/)-(/)(7/)-0(K-2/) + 0(-^)j 
=0, 

so that u is independent of y and the lemma is proved. Now from 
(36), 

"K Ck Ck ■ 

logQ(x + y)dx+\ logQ(x—y)dx=.2\ logQxdx + 2'KlogQy 
.0 Jo Jo 

Ck 
— 2K log 90 + log {l~-h^ sn^ x sn^ y)dx, 

Jo 

and since 6a? satisfies the conditions supposed in the lemma, the left- 
hand member of this equation is equal to the first term on the right- 
hand side, so that we obtain the formula 

» 

'' log (1 - h^ sn3 X sn3 y) dx = 2K log?^ = K logf ?^) - 2K log Oy (44), 
Qy ^ 



\ TT 



which we may write in the form 



'o 



K /27^'K 
log (1 — 0? sn^ 0?) «^a? = K log! : \ — 2K log-G 

\ TT 



In virtue of the formula 

r X \ r \ sn^a? — sn^w 

sn (0 + 2/) sn (i6--|/j— '^ 



(^""1) 



1— -fe^sn^ajsn^^/' 



f ^ \ f \ 1— sn^^— sn2w + 7i;^sn^a?sn^ V 

i — k^ sn-^ X sn-^ y 

^/,^^/ N \—W sn^ X — W sn^ %i-{-W sn^ x sn^ ii 
dn (a?+^) dn (a?--|/)= _^ZL^ _ 1^ 

1 — K^ sn^ X sn^ ^ 

we can deduce by means of (44), since sn^aj, cn^a?, and dna? each 
satisfy the conditions of the lemma, that 



'K 







|log(sn2a?— sn32/)^^* = "~"2'^^' + ^l0o(--- — I ""^K log 9^ . (45), 



'K 







log (1 — sn^ X — sn^ y + W sn^ « sn^ yy'dx 



i7rK' + K:iog(?|!-?V2Klog0^ . (46), 
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log (1 —h^ sn^ x—Tc^ sn^ y-\-Jc'^ sn^ x sn^ y)dx 

=Klog('?^V2KlogG2/ . (47). 
The last two integrals may also be written 

K 

J log (cn^ a3 — dn^ x sn^ y)^dx^ 




'K 





log (^dn^x — h^ cn^ x sn^ y)dx, 



and if tliese be transformed by tlie sabstitntion of K.--X for x^ tbey 
become respectively 

•J log (sn^ X — sn^ yY'dx — 2 log dn ajc^a? + 2K log ^^, 
'0 Jo 

log (1 — W' sn^ a? sn^ ^z) ^^ — ^ 1^8' ^^ ^^^ "^ ^-^ ■'^o^ ^'> 
Jo 

so that of the four integrals (44), (45), (46), (47), the pair (44), 
(47) are convertible one with another, and also the pair (45), (46), by 
the substitution of K — x for x. 

Integrating (44), . . . (47) with regard to y between the limits K 
and 0, and using (38) we obtain the following evaluations : — 

log (1 - W' sn3 X sn3 y) dxdy = - ^irKK! + fK^ log ( -=- j . . (48) , 



OJO 








"KfK 



OJO 



\\o^(^^T^ x—^vl'' yY'dxdy^^—^'TrKKl -\-^^\og( — ~-j . . (49), 

I I ■^log(l— sn^a^— sn^^ + A;^sn^^sn22/)^c^a?c^?/=:— fTrKK' + fK^logl — — - I 
Jojo^ \ A;^ / 

. . (50), 

log (1 —y^ sn^ x—h^ sn^ y + h^ sn^ x sn^ y)dxdy 

= -i^KK'+iKHog(?^^ . . (61), 

§ 11. The lemma at the beginning of the last section may be de- 
duced directly from the definition of integration when y is real; for, 
in virtue of the equation 0(^ + 2K)=0(a3), 0(a? + ^) + 0(a? — y) can 
always be reduced to the form 0(a? + a) -\-(p(x—a) where a<K.; and 

(p(x-\-a)dx-\- (j/)(x—a)dx 
Jo 

= h{(p(a) + (p(a i-Ji) +<p(a-\-2h) . . . +0(a + K) 
+,0(-a)+0(^a + y^)+0(-A)+0(O)+0(y^) . . . +(/)(K-a)}. 
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Since (/)(K + ci^--^) = '?>(2K~-K— c6 + ^)=0(K+a + )^.), &c., an(i0(— ^) 

=:(/)(Jl)j &c., tMs 

=^{0(O)+0(/O . . . +0(K-a)+0(K-a+y^) . . . +0(K) 

+ 0(0) +0W . . . +(p(a)+(p(a+h) . . . +0(K)} 

Jo 

The lemma is tlms evidently true for all real values of y, and from 
the proof in § 11 it would appear that in general it was probably true 
when y was imaginary or of the form a-j-hi. It is, however, certainly 
not true in the case of 2/=2iK', for 

so that logG(a? + 2^KO+log0(a?-22;KO=?^ + 21ogGa?, 



and therefore 



K CK 



/• 



loge(x'\-2iK')dx+ logQ(x-2iK')dx=:27rK' + 2 
Jo 



K 







log Oxdx, 



It is also evident that (44), . . . (47) cannot be universally true^ for 
the left-hand members of these equations remain unaltered when y is 
increased by 2^K', which is not the case with the right-hand members, 
since is not periodic with respect to 2iK!. 

To determine the imaginary values of y for which the lemma and 
the theorems (44), . . . (47) deduced from it are true, consider the 
expansion of log Q(x) in a series of cosines, viz. : 

1^1 2g TTX I 2q^ 2'itx , 2q^ Sttx p /w^^ 

log ex^A^^- COB ^"ij:^-, cos -^-ij^ COS _- &c. (62), 

where A=-J^-^+tlog^-— g-- j. 

From this we obtain (38), viz. : 

log 0»(la?= AKj 



since cos — Ldx=^0. 



Jo 



K 
Kow log0(£» + «')+log0(a?— -a) 



=2A-S 

•2 



1 2q^ f nw(x-\-a) . %w(x — a) 

_ ___1^ I COS \~ :i4- COS — ^- — L 



o A ^1 4^^^ nirx %wa 
•■ zA — 2 - - — i- cos cos -i 
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so that tlie lemma will necessarily liold good so long as tlie series 



^ 1 4o'^ uttx nwa 
2 - - — ^-— - cos cos - — - 

nl-(f^^ K K 



is convergent. 

Let a=77iiK.', tlien 



cos-— -=f(g'^'^-f g »^M=:i — Li — 
and tlie series 

=2?l±i'":V(i--)cos^, 

wMcli is convergent when m< 1. 

It follows therefore that the lemma and the theorems (44), . . . (47) 
are trne when y is of the form a-^-hi, where h lies between K' and 
— K', and a is unrestricted. 

In the case of 5 = K' the series becomes neutral, but it is easy to see 
that the lemma and theorems are still true ; for, transform (44) by 
putting y=iK^ -i-z, so that 

7 1 



snz 



then log Qy = log O (^K' + z) 

=-| log ^ + |-— - + log sn ^ + log e^ + log 1— —-:. 
Thus we have 

log (sn3 z — sn^a?) cZa? = — \7rK! + K log I j — 2K log Qz + ^V(0 — K) . 

_ . \ hir J 

The imaginary term ^V(^ — K) is due to the fact that sn^^ — sn^a? 
changes sign when a?=^, so that we might expect the term. 
(K— ^)log(— 1) to appear in the equation. Writing, therefore, the 
integral in the real form 

\ log (sn^ ^ — sn^ a?) 3, 
_ 

and throwing away the imaginary term, we have (45). It may be ob- 
served that (46) and (47) are also connected by the same substitution 
of y^=.%Kl -\-^. 

§ 12. In the formula (44), viz. : 

log (I— -7i;2sn2a?sn2^)(^a?=2K{logG0— log0^}, 

put y equal to JK, JK+^'K^ ^K!, K + ^^'K', ^K-l^K^ iK + ^^K' re- 
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spectivelj; we tlms findj on STibstituting for sn^^ its value in tlie 
different cases 

log{l~(l~7/) sn%}cla? =2K{logeO-loge(-|K)}, 



log{l»-.(l + //) sn^jcZoj =2K{log0O-loge(iK+i:K')}, 



'' log{l + ?b sn^ x}dx =:2K{log OO -log Q{\%K!)}, 



log{l— J^sn^^^a? =2K{log0O— loge(K+ii'K')}, 



log{l—h{h—ih') mi^x]dx =2K{log OO— log e(^K— |^K')}, 



^^log{l-h{h+iy) sn%}cfo=2K{loge0-loge(iK+ii:K0}. 

To obtain tlie values of tlie thetas, put 0=JK5 ^=:JK in (36), and 
this equation gives 



whence 



e4(|K)=i±le3O0K, 

2ik 



e(iK)=?5EV*(l + J/)4 ...... (63). 



From this, by taking a3=^K in the formula 

Q{x-\-iK!) ■=.iUcf^e~w~ sn x 6a?, 
we deduce that 

0(4K + ^XO = e'4f Oi+^!^j/^Xi-^0* • . • (54). 

The value of 0(|-tK') may be deduced from (53) by putting a? =-|-K 
in the formula 

003=1 -^~. I e 4KK' Q{%x, h )j 

\kK. J Gnx 

and changing the modulus from h to 7/ : it is thus found that 

0(l^KO = eSl?^'/i^^(l-/i^)* (65), 



and thence that 



0(K+ i^'K') =ei8K ^7#(1 + h)K 



Finally, from (36) by putting x=\'K+^iK\ t/=|K+i^K^, we find 
that 
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=e~,K^h-m(h'+ih) ...... (56). 

Substituting these values in tlie integrals and reducing-, we have 
log{l — (1— F)sn2aj}Ja?=iKlog< --1-1 > ...... (57), 

''ilog{l-(l + 70sn%}%fe==-|7rK'+iKlog{— 11 . . (58), 

{^log{l + hm^x]dx^^lwW + \li\ogl^^ .... (59), 

log{l — ?bsn^a3}<^a3=— |-7rK' + -|-Klog s — -5^ — ^^ — LK , . , . (60), 

log{l-~h{h-ih') sn3 x}clx= - i^K' + iK log ( ?^^^i^ 1 (61), 



log {\~'k(h+ i¥) sn^ a?} di? = •— l^wK' + |-K log I — !l___2 v (62) . 

In (58) as the integral is so written that its value may he real, the 
term involving i that enters from (54) has been rejected. 

By the addition of (57) and (58) we obtain (17), while (59) and 
(60) lead in a similar manner to (16), and (61) and (62) to (18). 
The reason why this happens is easily seen, for since 1 — 2sn^a? + ^^sn^a? 
is the numerator of en 2a?, we have 

1 



which = { 1 — 7^3 gjj^a g. ^j^p (^L'^ -j_ {j^^ ) j. |^ x __ 7^2 ^-^^ ^ g-o^s xj^j ^ 

and, similarly 

= {1 + 7^ sn^ £»} {1 —^^ sn^ 0?}, 
and 

1 ~ 2h^ sn^ m + 7c^ sn^ a? 

= {1-7^3 sn3 03 sn3 (IK -i^'K')} (1-7^3 sn^ x sn^ (JK+i^KO} 
= {l-7€(k-i¥) Bn^x}{l-h(h+i¥) Bu^x}. 
§ 13. In any integral we may replace sn a?, en a?, dn a?, by sin x, cos a?, 

(1— ^^sin^a?)^ if we also replace dx by— ^ . ^ ,,, and make the 

^ ^ r J a-7i^2sin2a3¥' 
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necessary changes in tlie limits. TMs is evident, since 

-_^ — =ana?5 

and as am K=|7r, am 2K='7r, we see tliat to tke limits K or 2K and 
correspond respectively the limits \7r or tt and 0. 
Thus (5), (6), (7) maybe written 



STT loo* '>»m I' 

^ 1 — , dx-=^ — i^K' — iK loo: h. 

^ — , . dx = ■— ^ttK! + |K log /<7, 

(l—fe^sin^a?)^ 

Jo (l-~7^^sin3aj)* ^ ' 

while, for example, (57) becomes 

and the other integrals may be similarly transformed. 

In this form several of the above integrals have been obtained by 
Mr. William Roberts in 'his papers '' Snr I'Evalnation do qnelqnes 
Integrales Definies par les Fonctions BUiptiques '^ (" Lionville's 
Journal," t. xi, 1846, pp. 157 — 173), " Snr Tlntegrale Definie 

__^L.™lL__?!^^ (Id., pp. 471 — 4<76), and " jN"ote snr qnelqnes 

Integrales Transcendantes " (Id., t. xii, 1847, pp.449 — ^456), which 
contain evaluations equivalent to (5), (6), (7), (16), (38), (44), (48), 
(57), (59), (60). In the first of these papers the value of tlie integral 
in (7) is found by means of the transformation 1/ tan tan -1^=1, which 
is equivalent to the substitution of K— 03 for a? ; and in the last paper 
the values of the integrals in (5) and (6) are found directly from the 
g^-products, viz. : 

sJ?^)=M sin X a-%'oos2.-B + g't)(l-2g^cos2a;+g8)... 
\ TT J h^ (1 — 2^008 2aj + 2^) (1 — 22*^008 2aj+g'^) .„ . 

cni^l^=2i^a^ cos x (1 + 2g^ cos 2x + g^) (1 + 2g4 cos 2a3 + gS) . . . 
\ TT J \h)-^ (l~2f^cos2a3 + 23)(l — 2g3cos2a? + 2^) . .. 

by means of the integral (1), which gives 







log(l— 22**cos2« + g^'')^»=0. 



The equation (38) is also obtained directly from the g-product for 

G ; this is of course practically equivalent to the use of the cosine 
series (52) for ]og Ox quoted in § 11. 
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The last two papers relate chiefly to the integral 

log(l + 'r?' sn3 x)dx, 



and one of the methods indicated for obtaining its value depends upon 
the formula 

2Y am j9 + 2Y am q=Y am (p + g) + Y am (p—q)—log (l~h^ sn^ p sn^ q), 

and is therefore the same in principle as that employed in § 10. 
Mr. Roberts generally uses the Legendrian notation and the function 
T, for example the formula (44), viz. : 

log (1 — Ic^ sn^ X sn^ y)dx=2K. log — 
Qy 

is written 

Jo (1 — /u*sin^0j^ 

but he remarks ("Lionville," t. xii, p. 453) that some of the results 
could have been obtained more readily by the use of instead of Y. 
Mr. Roberts also gives the values of the integrals 

log (1 + cot^ 6 sin^ (jy) ^ 

^•" log {l~{l-h'^ s ing ) sin3 0} ^^ 
(1—W Biji^(py 

log(H-cot%sin3 0) 



STT iTT 



-cWdc/), 



ojo (1-/^3 sin3 0)-^(l-//3sin3^) 

''" P" Iog{l-(l-/^^3sin3^)sin3 0} 
. oJo (l-Fsin3 0)'^(l-//3sin3^)i ^* 

These can be derived from (44) by the substitution of iW — iy and 
K+^K^-— % in place of y, for 

h sn(^K — ^|/) =^% — id.l_^^ 

sn {y, ¥) 

h sn (K + ^'K' — iy) = dn (y, //) , 

e(^K'-%) = ^^e-ilr/^^^'"-^^^ sn (^, A;')e(^y, //), 

whence we find 

L sn^ (^, //) 

= -i|i(K'"^j)^ + Klog(^^^)-2Kloge(y,//)^2Klogsn(^,^ 
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log {1 — dn^ Qy, Jc') sn^ x}dx 
= -XZ^(K'-yy+Klog(^y2Kloge(y,h') . . . (64), 
and integrating with regard to y between the limits K' and these 



give 



K 



oj 



'K' 




ojo 



log jl + ^'^l [^' ^2 S^^ iG]clx=^7rK^-^7rK^^ +iKK^ ^Og(^^') ' (65), 
C sn^ (y, h) J \ h J 

log{l~dn3 (y^h')Bn^ x]dx= -^7rK^-^7rK'^ + ^KK'log(^\ (66), 



which are in fact Mr. Roberts's results (" Lionville," t. xii, p. 456). 
In the " Philosophical Magazine," for December, I860,* Professor 
Sylvester has given the values of two integrals which are equivalent 
to (5) and (28). The method depends upon an expansion in a series 
and is quite different to any em.ployed in this paper. Professor 
Sylvester notices particularly the fact that the values of the integrals 
in (6) and (28) should be equal in magnitude. 

§ 14. Recently in the " Mathematische Annalen" of Clebsch and 
Neumann (t. xi, 1877, pp. 667 — 570), Dr. Enneper has obtained the 
evaluation 

dn^ xlog dnxdx=^^logh' + ^(1+¥^)K—'Ej 

by the substitution of K— a? for x and further transformations : but tbe 
value of this integral had been previously found in a somewhat similar 
manner by Mr. Roberts, in a note in '' Liouville's Journal " for 1846 
(" Extrait d'une Lettre addressee a M. Liouville," t. xi, pp. 343, 344). 
Dr. Enneper, in his paper, by the use of (33) shows that 

arc tan < - — — > dx 

Ian {x-{-a) an {x — a) J 



arc 





tan I "^^ (^ + «H^ C^^-'^) I dx=i^K . . (67), 



and it may be observed that, by following the same method, we have 
at once 

* " IS'otes to the Meditation on Poncelet's Theorem, including a Valuation of the 
two new Definite Integrals 

I ^o g<^o^<P . [l log {l + ^/l ^h^ {cos <py}. „ 







v/l-52(coS(p)2 J^ \/l-^>2(cOS(p)2 



"Phil. Mag.," ser. iv, t. xx, pp. 525—533 (1860). See also, by the same author, 
"E'ote on certain Definite Integrals," "Quarterly Journal of Mathematics," t. iv, 
pp. 319—324 (1861). 
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K 



arc tan 



/dn x\ 7 



K 



arc tan 







— 2 



K 



K 



arc tan 



( \clx 

/dna?\ 



+ arc tan 



Vdn a?/ J 



4 i-7rcZa?=:^7rK 



» • 



2 I 2 



Also, n being any quantity, we see from (33) tliat 

^ dx r^^ dx 

Oi . dn'^x JO 



9 • « 



1 + 



ft'i 



n 



1 + 



7^/4^ 



— 2 



'K/ y^%i 



+ 



dn''^a? 



V^'^'^' + dn^ a3 Jc^^'' + dn'^ a? 



- )dx 

3/ 



so that 



=1K 

2 ' 



K 



C^O? 






and, similarly. 



K 



■■^ dn'^ a? 

oPM-dn'^a? 



=iK 



o • 



-^0? 



//^^+ dn'^ (a?— (x) dn^^ (a? + ^) 

^^ dn^ (a? — a) dn'^ (x-{-a) -, 
/i)''^ + dn^^ (x — a) dn^ (x-{-a) 



=4K 



« S 9 • • 



• 



Further, if be an uneven function and n any quantity, 

loQf 1 1+. — -^ \dx 



^ , /dn a3 Z;'* 

\ h^ OiB-X, 






duP Xy 



whence 



^ (^ - J^ ] log (//^^^ + dn'^ a?) c?a3 



dna?. 



(68). 



9 • 



(69): 



(70). 



(71), 



and of course there are other formula involving -— .- and 
dn(a^-a)dn(.-c-j-aj ^^.^^ ^^^ ^^ proved in a similar manner. 
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§ 16. It was shown in § 6 that 

1 log en (x + iy) dxdy = KK' log -—- ; 

J -k' h 

the value of this integral when the limits with regard to y are K' and 
may be found as follows. 
In the formula 

]/i ^e(u + K+iK'), 

cii u=z q^ 2K —^ ^ ' 

k^ Qu 

put u:=^x-{-iy — 'K—iK.\ 

and, taking logarithms, we find 

logGii{x + iy — K — iK')~^log~-—l^--- + ^^(x-{-iy—K—iK^) 

+ loge(x + iy)~loge(x+iy-K-iK'), . . ., (72) 

Now I I (j)(x + iy — 'K.—i'K')clxdy=\ \ (p{x+iy)dxdy. 

Jojo Jojo 

if be an even function, so that (72) gives 



K 







K/ 



h' 



log cn (x-\-iy) dxdy =^1^1^^ log — -— JttK'^ 
Jc 



=iKK'log-^-i^7rKK' (73). 

h 

§ 16. I conclude with the determination of the values of the in- 
tegrals 

nKK'V 



"e-'^-^0 I 2x(!!!^y \dx, j xe-^'B. | 2xC: 



dx 



TT 



when '^2/ is a positive integer. 

0^?5?^=l-.2^ cos 202+2^4 cos 4^-2^9 cos 6^3+ &c., 



whence 



e-^'Qi^^^^G-^'-^qe-^' cos 2ax-{-2q^6-^' cos4aaj- &c. 



00 

Now 



e~'^' cos 2&a?(ia?=:-l-7r^e-5^ 
^ 



so that we have 



1 



e-^^G('?5?2^c?aj=i7r^(l-22e-«H2g%-4«'^~229e-9«'^ ^ &c.) 
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Let e~*'=g% 

n being a positive integer, whence 



a=i ■ I , 



and 



''e-^'^0 I 2x(!^?lY \ clx=i7ri(l - 2g^+i ™ 2g4(.m) + 2qm+i) _ &g.) 



Itt^^ 



^A n+jJ^n+i\ 



w 



2 } ■ 



• • • • \^i ■^ ) J 



wtere F^+j, K^^+i are -what h and K become wben q is replaced by g^+i, 
so that ^j2+3^ is the modulus obtained by tlie first real transformation, of 
the {n-\~\y^ order. 

As a particular case put '?i— 1, and the formula (74) giyes 



/\i 







^e-^^e i 2xi^i \ \ dx= (|K7/*)i 



* a> 



TT 



' (75). 



To evaluate the other integral, multiply the equation. 



Hi 



'2Ka.a?^ 



TT 



1=2^* sin cwj— 2gf sin 3aa3+ 2g; ?' sin 5(ia?— &o. 



by e ^"^ and integrate, replacing the integrals on the right hand side 
by their values from the formula 



'00 







xe *'^ sin 2hmclm=.^7r^be~^% 



we thus find 



\ TT / 



i 4 '*- ■ 



<&c.) 



Putj as before, 

n being a positive integer, then. 



e""«'=2% 



a= 



^ttK'X* 



and the equation becomes 

I \ TT 



K 



K'\* 



)' 



dx=iwl^\ (gic«+i)->.3g|(«+i) 4- 5gf (*.+!)«. &c.) 



But 



2gl-6gl+102'^'- &o. 



Mi^Y} 



TT 



7 
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(** Fundamenta ISTova," p. 184), so that 

r xe-'^-'B. 1 2«(^5^y I e^»= I i'^ K^^h'„^{K?n^^ | * . (76) . 
Put ^==1 and this formula gives 



IX. " Values of the Theta and Zeta Functions for certain Values 
of the Argument." By J. W. L. GrLAiSHER, M.A., F.R.S., 
Fellow of Trinity College, Cambridge. Received July 31, 
1879. 

§ 1. In § 12 of the preceding paper ^* On Definite Integrals involv- 
ing Elliptic Functions," it was necessary to determine the values of 
e(JK), e(JK+^KO, e(iiKO, e(K+iiK'), and e4(i-K+lK0, which 
were required in the evaluation of some of the integrals. This led me 
to calculate a table of the values of the O and H functions when the 
arguments were of the form K^-7^^K' , for the values 0, -J, 1, f, of 
m and n, and the results are contained in this paper. For the sake of 
completeness the corresponding values of the Z function are also 
given ; and some remarks connected with the g- series to which the 
formulae lead are added. 

A table of the values of the sn, en, dn for the above-mentioned 
arguments is given by Professor Oayley on page 74 of his " Elemen- 
tary Treatise on Elliptic Functions " (1876) : this table* is so useful 
that it seemed desirable to supplement it by a similar one for the 0, 
H, and Z functions. 

§ 2. The values found in § 13 are 

e(iK) =?!^V»(l+7/)i, 

0(iK + ^KO =qr^^p{l-h'ni + i). 
0(i^K') =.q^-^^lu{l-h)\ 



If'- 



* I may here note that the yalue of en (^K + |^K') should be _— — — — - instead 



